The small scale heterogeneities may be attributed to clustered cracks or intrusions; the larger-scale wavespeed heterogeneifies are temperature or compositional heterogeneities that may be related to chemical differentiation, or dynamical processes in the boundary layer of mantle convection.
tropic random medium with a Gaussian correlation function; his resulting expressions have been used by previous workers to obtain strengths and scale sizes of the P wave speed variations in the lithosphere by modeling it as a uniform layer of a singlescale random medium. This paper has several purposes: first, to point out that the log amplitude and arrival time fluctuations at large seismic arrays like NORSAR and LASA have further important statistical information that has not been utilized in previous analyses, especially the coherence function of waves from different sources, and hence different incoming directions; second, to present a statistical analysis of NORSAR data that includes this new information; third, to present results from the modem theory of wave propagation through random media (WPRM) that are based on the parabolic wave equation approach and are somewhat simpler than Chemov's because they are formulated partially in the spectral domain and can accommodate easily any model of the medium spectrum; and fourth, to present a model of the inhomogeneifies in the lithosphere and asthenosphere under the NORSAR array that is consistent with the available data.
Before discussing the most interesting of the new information available, it is important to point out that there are three variances involved in arrival time and log amplitude fluctuations at a given seismic frequency; the variances of arrival time and log amplitude, and the covariance between the two. Each of these variances leads to a coherence function of any variable being investigated; for example, previous analyses [Aki, 1973; Capon, 1974; Capon and Berteussen, 1974; Berteussen et al., 1975a, b; Powell and Meltzer, 1984] have used the arrival time and log amplitude transverse coherence functions, but we will be analyzing here for the first time the transverse cross-coherence function between arrival time and log amplitude.
The main new information that can be obtained from an array that detects waves arriving from many directions ("beams") is the set of three angular coherence functions (ACFs): that is, the coherence functions of arrival time, log amplitude, and their cross coherence, all as a function of the angle between two incoming directions. Since the difference in direction between two beams may be as small as 1% the information at a given receiver probes (in a statistical sense) inhomogeneities that are quite small: of the order of 1 km at 60-kin depth. The transverse coherence functions from a coarse array with-10-kin spacing cannot probe to scales smaller than 10 km.
Data on arrival time and amplitude fluctuations of the firstarrival teleseismic P wave signal are analyzed in a different fashion than data involving large-angle scattering of wave energy. The difference involves the realization that the full wave equation need not be solved, but rather a simpler equation: the parabolic wave equation (PWE) that adequately treats waves in a narrow angular cone. (Note that if coda is interpreted as large-angle scattered waves, it cannot be treated in the same way.) One consequence of using the PWE is that the theoretical formulas are easily expressed in terms of an integral along the unperturbed ray, rather than as a volume integral over all of space. Section 2 briefly introduces the modem theory of WPRM theory based on the PWE and "weak" fluctuations. Section 3 specifically describes the theory of the angular coherence functions.
The NORSAR data used in our analysis consist of the travel time anomalies [Berteussen, 1974] at 22 subarrays for 104 beams; and the log amplitude fluctuations [Berteussen and Husebye, 1974] at 22 subarrays for 185 beams. All the beams have incoming directions within a 35 ø cone around the zenith. The smallest distance between subarrays is about 10 kin, and the largest is about 110 km. The data used were filtered for 1-3 Hz, so the nominal frequency is 2 Hz. It is important to realize that the data that we analyze are insensitive to inhomogeneities with wavelengths greater than about 100 km because of the finite size of the array and are also insensitive to inhomogeneity wavelengths less than about 5 km because of two effects: first the data are averages over subarrays that are 7 km in diameter, and second, the wavelengths of the seismic waves are about 4 km. Section 4 describes the data analysis and presents results for coherence functions at NORSAP,.
It does not take a sophisticated theory to draw some dramatic conclusions from this new analysis of NORSAR data. Briefly, the log amplitude ACF drops rapidly, reaching a value of 0.5 at an angle of 2 ø, followed by a more gradual drop to 0.1 at 10 ø. In contrast, the arrival-time ACF drops much more slowly, implying much larger-scale structure. Yet all the TCFs at first glance have scales in the range of 10-20 km. Section 5 contains the quantitative comparison of weak scattering models with the NORSAR data. We have found that medium spectral models that are homogeneous in depth (that is, the spectrum does not change with depth) down to a cutoff depth between 0 and 500 km cannot fit all the data at once; in particular, such models, which can fit the TCFs by themselves, cannot simultaneously fit the shapes of the ACFs. We suggest a two-overlapping-layer model in which the medium spectrum is characterized by a power law K-•' over the sensitive wave number band (5< •. <1001cm). An upper layer with significant small-scale structure (p = 0) spans 0 < z < 200 km and a lower layer with strength concentrated at large scales (p = 4) spans 15<z <250kin. The P wave rms velocity variations in our model vary between 1 and 4%. A specific prediction of the model that we suggest is a rapid drop in the log amplitude TCF for separations of a few kilometers, followed by a more gradual drop with a scale of tens of kilometers. We have checked this prediction by determining the TCF of log amplitude from the individual stations at NORSAP,, using 13 nuclear explosion events. We find consistency with our prediction, giving us some confidence in our interpretation.
THEORY OF ¾•/PRM
Many aspects of seismic wave propagation in the Earth involve examples of a more general branch of science; namely, wave propagation through random media (WPRM). Progress in this field has involved coupling of the theory of WPRM with investigation into the detailed character of the (generally fluid) random medium. At least two theoretical approaches may be taken: first, the problem may be approached from a deterministic point of view in which the analysis is carded out for particular complex media. Numerical simulation is the extreme of this point of view. Second, the problem may be treated statistically from the outset. In this approach, one assumes a spectral model for the medium and attempts by analytical means to predict the statistical behavior of the propagating wave field. Here we take this second point of view.
The modem theory of WPRM may be said to have begun in the late 1940s and early 1950s [Bergmann, 1946; Mintzer, 1953; Chernov, 1960; Tatarskii, 1971 ] when researchers used perturbation techniques to develop general formulas for propagation through weak fluctuations. These formulas involved the Born approximation and hence a volume integral over the medium inhomogeneities. In comparing with experiment they assumed that the medium was characterized by a Gaussian correlation function, but unfortunately, no natural medium is known with this property.
The problem of radio wave propagation in and through the Earth's ionosphere has been of interest since the 1940s. This field made a crucial contribution to WPRM through the work of Leontovich and Foclc [1946] and Foclc [1950] , who introduced the parabolic equation method, which treats waves that are concentrated within a small angular region around the direction of propagation. Nearly all subsequent analytic work has used the parabolic equation as a starting point, which restricts validity to waves with directions confined within a cone of full angle about 30 ø. A great advantage of the parabolic equation is that it results in formulas requiring line integrals along deterministic rays, rather than volume integrals.
A major step forward in WPRM was taken in the 1960s, in response to developing understanding of Kolmogorov's pioneering characterization of the p = 11/3 power law spectrum of homogeneous, isotropic turbulence (HIT when the variance of log amplitude is small compared with unity. We realize that many seismic data sets have large intensity variations, but in this paper we consider only those for which the log amplitude variance is small. For example, the NORSAR data set of subarray amplitude variations has a log amplitude variance of 0.2. We defer discussion of the problem of strong fluctuations to the future. Seismic rays often tum through large angles, so that the parabolic approximation is not clearly appropriate. However, if the wave fluctuations are caused by medium variations that are confined to regions near the source and receiver (within a few hundred kilometers), then the rays are not changing their angles significantly, and the parabolic approximation is valid.
Work on fluctuations in sound transmission through the ocean during the 1960s was largely a misguided attempt to graft the concept of HrI' onto ocean variability [Tatarskii, 1971] . By the mid-1970s, oceanographers had identified internal waves as the most important source of variability on time scales from a few minutes to a day [Garrett and Hunk, 1975] .
The ocean internal wave medium provided a challenge to those interested in WPRM, particularly in strong fluctuations. A s'ignificant response to this challenge was developed over the With this background in mind, we now apply parabolic equation, weak-scattering theory to P wave teleseismic propagation. We take the point of view that the seismic waves arrive a few hundred kilometers below an array like NORSAR in essentially plane wave form: that any effect due to inhomogeneities near the source is too large scale to be observed by a 100-km array and that the very deep mantle has imposed no significant structure on the wave that has scales less than the 100-km size of the array. The reason that the inhomogeneities near the source have litfie effect is that only a very small range of initial angles at the source is seen by the array, and the spreading of the ray tube magnifies any small-scale fluctuations of the wave front into large-scale fluctuations at the receiver. where Co is a reference deterministic speed that might depend on depth z, and Ix ( .x ) is a random function with zero mean that represents inhomogeneities. The statistics of IX are assumed to be quasi-homogeneous. That is, we can define a spectrum at depth z, and this spectrum is allowed to change slowly with depth. In this case, the character of IX (. Note first that we have made the approximation that the random medium is "horizontally homogeneous"; that is, the spectrum is independent of horizontal position. We also consider waves arriving within 30 ø of the zenith, so we avoid some simple geometrical corrections that are important only for highly slanted rays. We can split the three-dimensional wave number .K into a component along the z direction K, and a twodimensional vector .Kr transverse to z: that is, .Kr is in the x-y plane. Then the medium spectrum can be expressed as 
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We see that the width of the phase coherence function is larger than the width of the medium correlation function, while the width of the log amplitude coherence function is smaller. This is due to the Fresnel-filter factor which favors high wave number and hence small scales in the log amplitude coherence. First, they provide another set of observables from array data that give a different weighting to inhomogeneities at different depths than the TCFs and hence provide further important constraints on medium models. Second, the variable 0 depends on having at least two sources; since there are many more source (earthquake) locations than there are stations in a typical seismic array and since these earthquakes provide angular differences down to fractions of a degree, the ACFs provide a much finer resolution of the medium inhomogeneities than the TCFs. For example, the NORSAR subarrays are separated by distances of 10 krn or more, so that the transverse coherence for separations xr smaller than about 10 km cannot be observed. However, observations with angular differences in incoming direction of about 1ø are not uncommon, providing a probe of scales of i km even at a depth of 60 km.
Predictions for normalized ACFs for the medium specmma of (22) (an exponential medium correlation function) are shown in Figure 3 . Now the depth to which the medium extends becomes a more important factor in determining the curves. We see that the ACFs become narrower for media extending to larger depth if other parameters are kept the same. There are many other publications that include attempts to fit a deterministic structure to the data from one or many events; we will not try to discuss their data, as it would have been presented in such a different way that the observations relevant to our attempts to observe small scale structure would not have been given. We discuss the relationship of our results to some of the deterministic results of others in section 6.
We now discuss our presentation of the NORS AR subarray data given in two NORSAR reports by Berteussen [1974] and Berteussen and Husebye [ 1974] . The data have been filtered in two important ways. First, a frequency filter has restricted the seismic frequency to 1-3 Hz, so the nominal center frequency is 2 Hz. Second, the elements within the subarrays have been added coherently; each subarray has about six elements spread over a circle of radius -3.5 km. The spatial distribution of subarrays is shown in Figure 5 .
The travel time anomalies given by Berteussen [1974] are given for 104 beams; each beam is an average over a number of events whose source locations are close such that their incoming directions at the NORS AR array are within a few tenths of a degree. The travel time anomalies consist of arrival time residues with respect to a "best plane wave." We have removed the mean arrival time for each beam in our calculations. Figure 6 shows the arrival angle distribution of these beams.
The subarray intensity variations are given by Berteussen and Husebye [1974] for 185 beams. We have normalized these data such that for each beam the mean log amplitude is zero.
With this brief description of the gathering of the data (more details are given in the original reports) we now describe our method of estimating variances, TCFs and ACFs. More details, including our method of estimating the associated statistical errors, are given in the appendix.
If we had subarrays that were far apart and beams that were far apart in angle, then the information from each subarray and from each beam would be statistically independent. The subarrays are far enough apart in location that they are reasonably independent for the purposes of error calculations. However, the beams are often close together, and hence the assumption of independent beams is not valid. If the beams are not independent, then the calculation of any quantity should use an appropriate weight for each beam. Let b be an index over the N beams; then we define ws as the weight of beam b. The appendix describes our form for the weight. In order to calculate reasonable errors, we must establish the effective nmber of independent beams; this is also done in the appendix. We note that the number of independent beams is different for the dif- Table 1 . The TCFs are calculated with formulas analogous to (26)-(28). In order to plot a point at a transverse separation xr, we include in the sum all pairs of elements with their separation xr within a given bin. The results of this procedure are shown in Figure 7 . We see that the smallest separation available is about 15 krn, and the coherence is already below 0.5 at that separation.
Finally, we calculate the ACFs by the same method, with the order of summation reversed and with selection of pairs of beams whose angular difference is within a specified bin. The ACFs are also shown in Figure 7 . We see that the experimental points in the ACFs have as much statistical precision and more resolution within the variable range for which there is significant variation in the coherence than the TCFs. The higher resolution of the ACFs compared with the TCFs follows from the closeness in arrival angle of the beams as compared to the spatial separation of the subarrays.
Certain dramatic features of the ACFs provide constraints on earth structure models. The phase coherence function has a smooth almost linear drop to a small coherence at an angle of about 15 ø. The log amplitude coherence has a distinctively different shape than the phase coherence; it drops sharply to 0.5 at an angle of about 2 ø but retains significant correlation out to angles of order 10% We shall see in the next section the implications of these features for Earth models.
It is to be emphasized at this point that the nature of the NOR-SAR array restricts the scales of Earth structure that can be observed with NORSAR data. The approximate diameter of the ß array is 110 km. Because means and "best plane waves" have been subtracted from the data across the array, we cannot
• observe Earth structure with scales larger than about 110 km.
Because the data consist of coherent addition of stations over subarrays that are about 7 km in diameter, we cannot observe structure with wavelengths smaller than about 5 kin. Furthermore, our typical seismic wavelength at 2 Hz of 4 km also implies that we cannot observe structure wavelengths less than -4 kin. These facts have to be taken into account in the theoretical models with which we compare the experimental data. It is true that the separations of stations within subarrays are in the 1-to 7-kin range. We have obtained station data for 13 nuclear explosion events of high signal-to-noise ratio at NOR-. SAP,. We have found that the station-by-station time anomalies ' are less than 0. 
SPECTRAL MODELS OF EARTH STRUCTURE UNDER NORSAR
We picture the crust, lithosphere, and asthenosphere below the Earth's surface as having random variations in seismic wave speed that are described by a spectrum that may depend on depth and may be anisotropic. We assume that the spectrum does not depend to first order on small changes in geographical position within the region under the NORSAR seismic array.
The most desirable situation would be one in which we had enough experimental information to invert the data for all the characteristics of the spectrum describing these variations. We do not delude ourselves into thinking that our present data set is adequate for the task. However, we can impose some constraints on these type of models by analysis of the data, and we can find an Earth model which is at least consistent with the data and with what we know of the Earth's struc•e from other information.
We need to modify our theoretical expressions for the fact that the NORSAR array has a finite size and for the fact that the NORSAR data are averaged over subarrays and is at finite nonzero wavelength. The finite size is modeled by removing from the spectrum all wavelengths greater than 110 km. There is a considerable uncertainty in exactly where this upper wavelength cutoff should be because it depends on exactly how the "best plane waves" were removed and how averages of log amplitude were made; the main comment to make is that this cutoff should be arranged to fit the coherence functions at large separations; as a result the observed large-separation coherences are not a strong constraint on Earth models. This cutoff does not We have found one combination of power law media that we feel does fit the data reasonably well. We have not yet completed a full inversion to obtain a quantitative idea of the param-
large angles are probably less important because the shapes of the functions there are affected by the finite apemare of the NORSAR array. It is of interest even in this rather unsatisfactory model that structure is necessary down to several hundred kilometers to give a fit with reasonable average scale lengths. The data in Figure 2 indicate that a power law spectrum is also appropriate for comparison to the data (in this case, •/and p). We will therefore restrict further models to a particular type of spectrum: a power law expressed in the form Comparison of the data and our best model is shown in Figure  11 . One impoRant feature of the data that constrains the model is the rapid decrease in the log amplitude ACF compared with the phase ACF. Most single-layer models have a similar shape for the two ACFs; in our best model, the log amplitude ACF is controlled by the shallow, flat spectrum layer, and the phase ACF is controlled by the deep, steep specmam model. Figure 12 shows the predictions of several variations on our best model: the shallow layer alone, the deep layer alone, the result of extending the shallow layer to 250 km instead of only 200 km, and the result of extending the deep layer up to the surface instead of only to 15-km depth. The fits are clearly inferior to the best model, although the differences of the latter two examples from our best fit model are not terribly striking.
The rms variations in phase and log amplitude are directly proportional to the rms variation in P wave velocity in our model. However, they are also proportional to the square root of the medium correlation length in the vertical, which we have not measured. If we assume that the medium specmun is isotropic, then taking the observed rms value of u as 0.41, we deduce an rms variation in P wave velocity of 0.9% in the upper layer and 0.5% in the lower layer. If we use the observed rms value of which is 1.70, we find values of 2.2 and 1.3%. We regard the difference between the values obtained from log amplitude variance and from arrival time variance as not very significant because the determination of overall variance, as opposed to spectral level, is notoriously difficult [Flatte' et al., 1979] . The difference does imply that our result for rms P wave velocity fluctuation must be stated with large uncertainty; that is, it is between I and 4%, if an isotropic specmma is assumed. However, it does not seem likely that isotropy is appropriate. If we define the anisotropy ratio as the horizontal correlation length over the vertical correlation length, then our result for the velocity fluetuarion is proportional to the square root of that ratio. The fact that the upper and lower layers have rms variations within a factor of 2 of each other indicates that neither are second-order effects; both layers are significant in determining the wave fluctuations observed in the seismic array.
The predictions for the phase and cross TCFs fit the data reasonably well, but the log amplitude TCF prediction appears, mainly because of one data point, to decrease more rapidly than the data. After observing this discrepancy we used 13 nuclear explosion events at NORSAR to determine a more accurate experimental log amplitude amplitude data had been smoothed such that only the large-scale systematic variation was kept. Therefore their results are complementary to ours. Sacks et al. [1979] deduce a discontinuity at 250 km from observations of long-period precursors to direct $ at NORSAR. They suggest the precursors result from S to P conversion at the discontinuity, which they assume to be the lithosphereasthenosphere boundary. Our results also show that 250 lcm is an interesting depth. We would rather favor the interpretation that 250 km is the bottom of a thermal boundary layer in the mantle, with the bottom of the lithosphere being at 200 km. Given and Helmberger [1980] deduce laterally independent structure of P wave velocity as a function of depth for northwest Eurasia, using short-period and long-period body waves from nuclear expbsions. They see a bw-vebcity zone in the regime of 150-200 krn, which is likely to be geologically related to our observations of changes at 200 and 250 kin. function. We emphasize that our treatment of errors makes significant approximations; it is very difficult to be more accu-rate in the evaluation of errors without going through an extensive program of numerical simulation. We assume that all the beams are in a narrow cone, so that the expectation value of the TCF for each beam is the same, and we assume that the statistics of the log amplitude or arrival time are close enough to Gaussian to estimate the error reasonably. Let us use a shorthand notation in which xr is suppressed:
1 N and we need to find an appropriate expression for <c 2>.
